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Apportionment Methods for the House of
Representatives and the Court Challenges

Lawrence R. Ernst
Bureau of Labor Statistics, Office of Compensation and Working Conditions, Research Group,
2 Mass. Ave., N.E., Room 3160, Washington, D.C. 20212

our different methods have been used to apportion the seats in the United States House of

Representatives among the states following the decennial census. The current method, the
method of equal proportions, has been used for each census since 1940. In 1991, for the first
time in U.S. history, the constitutionality of an apportionment method was challenged in court,
by Montana and Massachusetts in separate cases. Montana proposed two methods as alternatives
to equal proportions, the methods of harmonic means and smallest divisors, while Massachusetts
proposed the method of major fractions. On March 31, 1992, in a unanimous decision, the U.S.
Supreme Court upheld the constitutionality of equal proportions. This author wrote the dec-
larations on the mathematical and statistical issues used by the defense in these cases. The
declarations in the Massachusetts case contain several new theoretical and empirical results.
This paper discusses the technical issues in these cases together with a brief history of the

apportionment problem.

(Bias; Divisor Methods; Equal Proportions; Optimality; Pairwise Tests; U.S. Constitution)

1. Introduction

Article I, Section 2 of the U.S. Constitution requires that
the House of Representatives “shall be apportioned
among the several States—according to their respective
Numbers,”” and that ““each State shall have at least one
Representative.” That section also includes the require-
ment that an enumeration of the population for the
purpose of apportioning the House be conducted every
10 years. The quoted words obviously do not explicitly
state what method should be used for apportionment,
and for over 200 years the issues of which is the “’best”
method and which methods are constitutional have
been debated. In fact, apportionment of the House was
the subject of George Washington'’s first veto.

The “best” method issue is, in this author’s opinion,
unresolvable, since it depends on the criteria employed.
However, the constitutional question was at least par-
tially resolved on March 31, 1992, when Justice Stevens
delivered an opinion for a unanimous Supreme Court
upholding the constitutionality of the currently used
apportionment method, equal proportions (EP), also
known as the Hill or Huntington method.
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The path to this resolution began in 1991 when the
states of Montana and Massachusetts initiated separate
lawsuits in federal court (Montana v. United States De-
partment of Commerce 1991; Massachusetts v. Mosbacher
1992) challenging, for the first time in U.S. history, the
constitutionality of the current method. Montana pro-
posed two methods as alternatives to EP. Their preferred
methods are the method of harmonic means (HM), also
known as the Dean method, and the method of smallest
divisors (SD), also known as the Adams method, both
of which would have given Montana two seats instead
of the single seat allocated by EP, but would not have
increased Massachusetts” EP allocation of ten seats.
Massachusetts proposed, using different arguments, the
use of the method of major fractions (MF), also known
as the Webster method, which would have allocated
eleven seats to Massachusetts, and one to Montana.

The two cases were considered by separate three-
judge panels. The panel in the Montana case, by a two-
to-one vote, declared EP unconstitutional, while the
judges in the Massachusetts case unanimously upheld
the constitutionality of EP. The ruling in the Montana
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case was appealed to the Supreme Court (United States
Department of Commerce v. Montana 1992), with Mas-
sachusetts filing a friend-of-the-court brief before the
Supreme Court in order to present their position in favor
of MF. On March 4, 1992, the Supreme Court heard
the case and 27 days later unanimously overruled the
decision of the three-judge panel in the Montana case.

This paper discusses the mathematical and statistical
issues in these cases. This author wrote the declarations
that served as a basis for many of the technical argu-
ments used by the defense in these cases, and this paper
is in part an outgrowth of that work. Section 2 of the
paper provides an historical background on the appor-
tionment issue and a discussion of the properties of the
major apportionment methods. Balinski and Young
(1982), the major source of the material in that section,
provides a more detailed treatment of these matters.
Sections 3 and 4 discuss the issues debated before the
three-judge panels in the Montana and Massachusetts
cases, respectively. Finally, the Supreme Court appeal
is discussed in §5.

2. Historical Background and
Properties of Methods

Six apportionment methods are considered here. They
are the four methods mentioned in the Introduction,
the method of greatest divisors (GD), also known as
the Jefferson method, and the method of greatest re-
mainders (GR), also known as the Hamilton or Vinton
method.

All of these methods except GR are members of a
class of apportionment methods known as divisor
methods. Although there are an infinite number of pos-
sible divisor methods, only the five considered here have
had any significant role in apportionment history. They
will be referred to as the historical divisor methods. With
a divisor method, the number of seats assigned to a
state is a function of its population, p, and a divisor, A,
which can be thought of as a target district size. The
same value of A must be used for each state. If [p/\|
= b (where | x | denotes the integer portion of x), then
the state receives either b or b + 1 seats. It receives b
+ 1 seats if p/X > 6(b), and b seats if p/ X < 6(b),
where §, the function that determines the rounding, de-
pends on the particular method. If p/A = 6(b), the
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rounding is not unambiguously defined. 6 is a strictly
increasing function of b satisfying b < 6(b) < b + 1 for
all nonnegative integers b. In Table 1, 6(b) is presented
for each of the five historical divisor methods.

Thus, SD rounds up and GD rounds down all frac-
tional remainders, while MF rounds up fractional re-
mainders greater than 0.5. HM rounds up quotients that
exceed the harmonic mean of b and b + 1. This can be
shown to be equivalent to rounding up if the absolute
difference between X and the state’s average district size
is minimized with b + 1 seats, that is if

lp/(b+1)= X <|[p/b— Xl

This was Dean’s original motivation for HM. Similarly,
EP rounds up quotients that exceed the geometric mean
of b and b + 1, which is equivalent to minimizing the
relative distance between A and the average district size
for the state. (The relative difference between two pos-
itive numbers x, yis | x — y| /min{x, y } or, equivalently,
(max{x, y}/min{x, y}) - 1)

Note also that for MF and GD, the modification 6(0)
= 0 is required to insure that all states, no matter how
small, receive at least one representative.

A GR apportionment is obtained slightly differently.
Begin with a fixed house size 11, and a set of N states
with populations p;, i =1,...,N.Letd = ZX, p; /n,
the national average district size; g, = p; /d, the exact
quota for state i; and a4; denote the number of seats
allocated to state i under any method. Then for GR,
either a; = |g;Jora; = |g;] + 1, witha; = |g,] + 1 for
the n — 2N, | g; | states with largest fractional remain-
ders, g; — | g; |. To illustrate how these six methods pro-
duce apportionments, consider the example in Tables
2 and 3 for which N = 7 and the populations are as
given in the p; column of each of these two tables. Then

Table 1 Rounding Criteria for Historical
Divisor Methods
Method o(b)

SD b

HM 2bb +1)/(2b + 1)

EP b + 1)

MF b+.5

GD b+1
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with d = 1,000, which corresponds to n = 100, and with
the divisor A = d used for each of the divisor methods,
the allocations for each of the historical divisor methods
are given in Table 2. Note that with A = 1,000, none of
these divisor methods gives a total allocation of 100
seats. To obtain an allocation of 100 seats, it is necessary
to adjust the divisor A upward for SD, HM and EP, and
downward for MF and GD. The allocations for each of
the divisor methods for n = 100 and the minimum and
maximum integer values of A which yield these allo-
cations are presented in Table 3, along with the GR
allocation.

An alternative to adjusting A to obtain an apportion-
ment for the House of Representatives with a fixed
number of seats n, for a divisor method based on the
function ¢, is to use the following recursive algorithm.
Letay,i=1,...,N,k=N,N+1,...,ndenote the
allocation to state i with k seats. Thenleta, =1,i=1,
..., N.For k > N choose i satisfying

p,'k/ﬁ(aik(k_l,) = max {p,'/(s,'(k_l)Z i= 1,..., N},
and then let

Aigk = Aig(k—1) +1, ag= Aik—1) for i+ ix.

ai,,1=1,...,nis then a ¢ apportionment for n seats.
Note that in the rare case when i, is not unique then
there is a “’tie”” for the nth seat and the apportionment
is not unique.

State i is said to satisfy quota if | g; | < a; <|g;] + 1.
Note that a quota violation occurs for i = 1 for each of
the five divisor methods for the allocations in Table 3,

Table 2 Divisor Methods Allocations for Example with x = 1,000
a; for Method

State Di SD HM EP MF GD
1 91,490 92 91 91 91 91
2 1,660 2 2 2 2 1
3 1,460 2 2 2 1 1
4 1,450 2 2 2 1 1
5 1,440 2 2 2 1 1
6 1,400 2 2 1 1 1
7 10 2 1 1 1 1
Totals 100,000 104 102 101 98 97
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since a; < 91 or a; > 92. GR, however, can never violate
quota. (Actually, because of the minimum requirement
of one representative per state, this last statement is
theoretically only true for an apportionment of the
House of Representatives if the exact quota g; is replaced
by the modified exact quota §; = max {1, tg; }, where ¢
satisfies 2N, max {1, tg;} = N, as discussed in Balinski
and Young (1982).) Furthermore, although all five his-
torical divisor methods can violate quota in theory, EP,
HM and MF would never have violated quota for any
of the 21 censuses through 1990, while SD and GD
would have violated quota for at least one state for each
census since 1820. For example, for California for 1990,
a; = 50 for SD and a; = 54 for GD, while q; = 52.124.

GD was used to apportion the House for the first five
censuses through 1830. Eventually, Congress became
dissatisfied with this method because it appeared to fa-
vor large states, allocating 40 seats to New York in 1830,
for example, despite an exact quota of 38.593. SD, MF,
and HM were developed as alternatives by John Quincy
Adams, Daniel Webster, and James Dean (a professor
at the University of Vermont), respectively. MF was
used in 1840. GR was the specified method from 1850-
1900, although as Balinski and Young (1982) note, for
some of these censuses the GR allocation was altered
so that no method was really used. However, Congress
became disenchanted with GR because under this
method, unlike any divisor method, it is possible, with
a fixed set of state populations, for a state to lose seats
if the House size is increased. This anomaly is known
as the “Alabama paradox’’ because it was observed that
for the 1880 census, Alabama would have received 8
seats with a House size of 299 and 7 seats with a House
of 300. This occurred because Alabama, Illinois and
Texas had exacts quotas of 7.646, 18.640, and 9.640,
and allocations of 8, 18, and 9 seats, respectively, for a
House size of 299, but these states had exact quotas of
7.671, 18.702, and 9.672, and allocations of 7, 19, and
10 seats, respectively, for a House size of 300. This was
a particularly unpleasant property since the House was
not automatically fixed by law during the period of use
of GR, but was decided upon by Congress following
each census, after reviewing the allocations with various
House sizes.

Congress returned to MF for the 1910 census. Con-
gress also passed legislation which, after New Mexico
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Table 3 Allocations for Six Methods for Example with n = 100
a; for Method

State Di q; GR SD HM EP MF GD
1 91,490 91.490 92 88 89 90 93 94
2 1,660 1.660 2 2 2 2 2 1
3 1,460 1.460 2 2 2 2 1 1
4 1,450 1.450 1 2 2 2 1 1
5 1,440 1.440 1 2 2 2 1 1
6 1,400 1.400 1 2 2 1 1 1
7 1,100 1.100 1 2 1 1 1 1

Totals 100,000 100.000 100 100 100 100 100 100

Min A 1,040 1,023 1,011 979 964

Max A 1,051 1,033 1.018 989 973

and Arizona became states in 1912, fixed the House size
at 435. About the time of the 1920 census, Professor
Edward Huntington of Harvard refined and became the
principal champion of EP, which had first been devel-
oped by Joseph Hill of the Census Bureau in 1911.
Huntington (1921) is one of the earliest of his many
papers on this subject. The case for EP rested primarily
on the pairwise optimality tests. An apportionment is
said to be pairwise optimal with respect to a particular
measure of inequity if no transfer of representatives be-
tween any pair of states can decrease the amount of
inequity between these states. HM is pairwise optimal
with respect to absolute difference in average district
sizes, that is with respect to the measure, | p; /a; — p;/ 4,
between states i and j. MF is pairwise optimal with
respect to the absolute difference in per capita shares
of a representative, that is |a; /p; — a;/p;|. However,
EP is pairwise optimal with respect to relative differences
in both district sizes and shares of a representative,
which became the key argument for EP. SD and GD
are pairwise optimal with respect to two other tests,
absolute representation surplus and absolute represen-
tation deficiency, respectively. (If 4; /a; > p; /p;, then
absolute representation surplus for the pair i, j is 4;
— (pi/ p;)a;, that is the amount by which the allocation
for state i exceeds the number of seats it would have if
its allocation was directly proportional to the actual al-
location for state j. Similarly, absolute representation
deficiency is (p;/p;)a; — a;.) Furthermore, every transfer
of seats between a pair of states from an apportionment
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obtained from the optimal method will actually strictly
increase, as opposed to merely not decrease, the cor-
responding measure of inequity for the pair of states
when the optimal method produces a unique appor-
tionment, that is when there are no ties for the last seat.

The opposition to the views of Huntington was led
by Professor Walter Wilcox of Cornell, who supported
MF. He was of the opinion that EP was biased in favor
of small states, while MF was mathematically neutral
between small and large states. Huntington disagreed,
contending that it is actually EP that is mathematically
neutral in this respect. Huntington’s argument was
based on the fact that among SD, HM, EP, MF, and
GD, all transfers of seats that result from the replacing
of one method with a method further to the right on
this list are to states that are larger than the states losing
seats. Thus, in a relative sense, EP favors smaller states
less than SD and HM, and larger states less than GD
and MF. This result alone does not establish anything
about bias beyond how the methods compare in relation
to each other.

Congress failed to reapportion the House at all after
the 1920 census, but in an attempt to resolve the tech-
nical dispute, the Speaker of the House requested that
the National Academy of Sciences (NAS) review the
mathematical aspects of the problem of reapportion-
ment. A NAS committee issued a report in 1929 (Bliss
et al.). The report considered the five divisor methods
discussed in this paper and focused on the pairwise
comparison tests described above. The committee
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adopted Huntington'’s reasoning that EP is preferred on
the basis of the pairwise tests for which it is optimal
and also concluded that EP “occupies mathematically
a neutral position with respect to emphasis on larger
and smaller states.”

The 1930 allocations for EP and MF were identical,
so Congress took no further action after that census.
Under the applicable law, the House was automatically
apportioned under the method last used, MF.

In 1940, however, EP and MF differed, with Arkansas
allocated 7 seats by EP and 6 by MF, while Michigan
was allocated 17 by EP and 18 by MF. In 1941, on a
mainly party line vote, legislation was enacted appor-
tioning the House by EP. This method has been used
ever since and, under the 1941 law, its continued use
is automatic until superseding legislation is enacted.

In 1948, a new NAS committee revisited the appor-
tionment issue and also endorsed EP (Morse et al.).
Their report included the new argument that among
the four pairwise comparison tests previously mentioned
for which EP, HM, or MF are optimal, EP is always
superior to each of the other four divisor methods for
at least three of them. For example, it can be shown
that EP is superior to MF with respect to absolute dif-
ference in district sizes, in the sense that no transfer of
seats resulting from the use of MF instead of EP can
ever lower this measure of inequity for any pair of states.
In this sense EP is, of course, also superior to MF and
all other methods, with respect to relative differences
in district sizes and shares of a representative, while
MEF is superior to EP with respect to absolute difference
in shares of a representative. Analogously, EP is superior
to HM for all of these tests except absolute difference
in district sizes. The committee found the total score in
favor of EP using this approach “decisive.”

Much of the interest in the apportionment issue since
the mid 1970s is a result of the work of Michel Balinski
and H. Peyton Young. In their early writings on ap-
portionment (Balinski and Young 1975), they expressed
the view that an apportionment method should never
violate quota and should not be subject to the Alabama
paradox. None of the six methods considered in this
paper meet both of these conditions. However, Balinski
and Young (1975) developed a modification of GD that
they called the quota method, which does satisfy both
of these conditions. Still (1979), among others, gen-
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eralized Balinski and Young's result and obtained mod-
ifications of all six methods considered in this paper
which satisfy these two conditions. Unfortunately, all
of these modified methods suffer from an unpleasant
property that none of these methods possesses in un-
modified form. They allow a form of ““population par-
adox” in which one state can have a population increase,
while all other states and the total house size remain
fixed, and yet the growing state can lose seats. Balinski
and Young eventually abandoned their support of the
quota method and became proponents of MF. Their
main argument for MF was, like Wilcox’s decades ear-
lier, their belief that MF is the only divisor method that
is not biased in favor of either large or small states.
Their work, culminating in the book, Fair Representation
(Balinski and Young 1982), presented a number of new
theoretical and empirical results to support their view.

For example, corresponding to a divisor A and a div-
isor method based on §, they considered intervals

[6(b— 1)\, 8(D)N], b=1,2,3---, (2.1)

(where [«, 8] denotes {x: a < x < }), that is, popu-
lations for which b seats are assigned, and established
that MF is pairwise unbiased in the sense that if states
1 and 2 have independent populations p; and p,, re-
spectively, uniformly distributed in intervals

[8(br — 1)N, 8(b1)A], [6(b2 — 1)A, 6(b2)A],

respectively, for positive integers b, > b;, then the
probability is 0.5 that state 2 is favored over state 1 in
the sense that b,/p, > b;/p;. They also established
that MF is the only proportional divisor method with
this property, where proportional divisor methods are
a set of “reasonable” divisor methods, defined in Balin-
ski and Young (1982, p. 97), that include all five his-
torical divisor methods. They then generalized this result
from pairs of states to two groups of smaller and larger
states, obtaining the result that MF is the unique un-
biased proportional divisor method.

Their empirical results include comparisons of the
historical divisor methods for the “bias ratio” and “per-
centage bias,” two measures of apportionment method
bias developed by these authors. For both measures they
excluded states with exact quotas below 0.5 as their
means of compensating for the constitutional require-
ment of at least one representative per state, a provision
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which in effect creates a constitutionally mandated bias
in favor of the small states. The bias ratio was obtained
by first computing for each census the number of pairs
of nonexcluded states i, j with p; < p;, where state 7,
the smaller state, is favored in the sense thata; /p; > a;/
p;. The total of the number of pairs for which the smaller
state was favored, summed over the 19 censuses
through 1970, was then divided by the total number of
pairs of nonexcluded states in these 19 censuses to ob-
tain the bias ratio. Balinski and Young's results for the
five historical divisor methods are presented in Table
4. The ideal ratio is, of course, 50%.

They computed percentage bias for each census by
first dividing the nonexcluded states into approximately
equal classes of large (L), middle, and small states (S),
with the middle class receiving the extra states when
the number of nonexcluded states was not divisible by
three. The percentage bias for each census is then

(3e/20)/ {20/ 20)-1

expressed as a percentage. Balinski and Young's (1982)
results, averaged over the 19 censuses through 1970,
are presented in Table 5. A positive percentage indicates
that small states are favored and a negative value in-
dicates that large states are favored.

Balinski and Young (1982) also presented a secondary
reason for their support of MF, the “near the quota”
property that they developed. They defined an appor-
tionment to be “'near the quota” if no transfer of a seat
from one state to another can bring both states nearer
to their exact quotas. They proved that MF is the unique
divisor method that is ““near the quota” for all appor-
tionments and noted that this result is true whether
distance is measured in absolute or relative terms. (GR
apportionments also always satisfy this property.) By
absolute terms, they meant, of course, the measure
la; — gi]. By relative terms, they meant |a; — g;|/4;,

Table 4 Bias Ratio of Censuses Through 1970

SD HM EP MF GD
Bias ratio 77.2% 56.6% 54.6% 51.5% 25.0%
1212

Table 5 Percentage Bias Averaged over Censuses Through 1970

SD HM EP MF GD

Average bias 18.3% 5.2% 3.4% 0.3% =15.7%

not the relative difference between 4; and g;, which is
la; — g;|/min{a;, g; }. Balinski and Young's result is
equivalent to saying that MF is the only divisor method
which can never produce an apportionment which
rounds up g; for a state i with g; — | g;] < 0.5, while
rounding down g; for a state j with g; —| g;]> 0.5. (Again,
as these authors note, because of the minimum require-
ment of one representative per state, this result is ac-
tually only true for an apportionment of the House of
Representatives if g; is replaced by the modified exact
quota, §;.)

A final set of properties of apportionment methods
are measures of total error of an apportionment. Let d;
=pi/a;, d=(2Zp)/n,s;=1/d;,ands =1/d. Three
classes of error measures are, for p = 1,

N
> lai —qil”, (2.2)
i=1
N
> a;|di —d|”, and (2.3)
i=1
N
pilsi —s|*. (2.4)

1

I
—_

(2.2), (2.3) and (2.4) are, respectively, the sum of
the pth power of each state’s absolute deviation from
its exact quota, each district’s absolute deviation from
the national average district size, and each person’s ab-
solute deviation from the national average share of a
representative. The assumption that the districts within
each state are of the same sizeisusedin (2.3) and (2.4).

GR minimizes (2.2) for all p = 1 (Birkhoff 1976),
while for p = 2, EP minimizes (2.3) (Huntington 1928)
and MF minimizes (2.4) (Owen 1921). As observed by
Gilford (1981), for p = 1, (2.3) and (2.4) are minimized
by GR since they are constant multiples of (2.2) with
o =1

Interestingly, the various measures of total error of
an apportionment have generally not been a major focal
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